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Abstract

A common mistake in analysis of cluster randomized experiments is to ignore the effect
of clustering and analyze the data as if each treatment group were a simple random
sample. This typically leads to an overstatement of the precision of results and anti-
conservative conclusions about precision and statistical significance of treatment effects.
This paper gives a simple correction to the #-statistic that would be computed if clustering
were (incorrectly) ignored in an experiment with two levels of nesting (e.g., classrooms
and schools). The correction is a multiplicative factor depending on the number of
clusters and subclusters, the subcluster sample size, the subcluster size, and the cluster

and subcluster intraclass correlations Py and P The corrected #-statistic has Student’s #-

distribution with reduced degrees of freedom. The corrected statistic reduces to the #-

statistic computed by ignoring clustering when PP~ 0. It reduces to the z-statistic
computed using cluster means when P~ 1. If Py and pare between 0 and 1, the adjusted

t-statistic lies between these two and the degrees of freedom are in between those

corresponding to these two extremes.

Note: This material is based upon work supported by the National Science Foundation under

Grant No. 0129365 and IES under Grant No. R305U040003.
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Correcting a Significance Test for Clustering
in Designs With Two Levels of Nesting

Experiments in educational research often assign entire intact groups (such as
schools or classrooms) to the same treatment group, with different intact groups assigned
to different treatments. Because these intact groups correspond to statistical clusters, this
design is often called a group randomized or cluster randomized design. Several analysis
strategies for cluster randomized trials are possible, but the simplest is to use the cluster
as the unit of analysis. This analysis involves computing mean scores on the outcome
(and all other variables that may be involved in the analysis) and carrying out the
statistical analysis as if the cluster means were the data. If all cluster sample sizes are
equal, this approach provides exact tests for the treatment effect, but more flexible and
informative analyses are also available, including analyses of variance using clusters as a
nested factor (see, e.g., Hopkins, 1982) and analyses involving hierarchical linear models
(see e.g., Raudenbush and Bryk, 2002). For general discussions of the design and
analyses of cluster randomized experiments see Raudenbush and Bryk (2002), Donner
and Klar (2000), Klar and Donner (2001), Murray (1998), or Murray, Varnell, & Blitstein
(2004).

A common mistake in analysis of cluster randomized experiments in education is
to analyze the data as if it were based on a simple random sample and assignment was
carried out at the level of individuals. This typically leads to an overstatement of the
precision of results and consequently to anti-conservative conclusions about precision
and statistical significance of treatment effects (see, e.g., Murray, Hannan, and Baker,
1996). This analysis can also yield misleading estimates of effect sizes and incorrect
estimates of their sampling uncertainty. If the raw data were available, then reanalysis
using more appropriate analytic methods is usually desirable.

In some cases, however, the raw data is not available but one wants to be able to
interpret the findings of a research report that improperly ignored clustering in the
analysis. This problem often arises in reviewing the findings of studies carried out by
other investigators. In particular, this problem has arisen in the work of the What Works
Clearinghouse, a US Institute of Education Sciences funded project whose mission is to
evaluate, compare, and synthesize evidence of effectiveness of educational programs,
products, practices, and policies. The What Works Clearinghouse reviewers found that
the majority of the high quality studies they were examining involved assignment of
treatment by schools, which led to clustering that needed to be taken into account in
assessing the uncertainty of the treatment effect (e.g., by computing confidence intervals)
or in testing its statistical significance. While some of these studies sampled students
directly within schools (at least roughly approximating a simple random sample within
schools), most studies sampled students by first sampling classrooms within schools and
thus there is a second level of clustering (nesting) that may need to be taken into account.
Moreover, most of the statistical analyses in these studies did not attempt to take
clustering into account. In this context, it would be desirable to be able to know how the
conclusions about treatment effects might change if both levels of clustering were taken
into account.

Another way to conceive the issue is in terms of survey sampling theory. In
experiments that assign schools to treatments, treatment effects are just differences
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between independent treatment group means. The variance of the treatment group means
depends on the sampling design. If students are sampled by first selecting schools and
then selecting classrooms within schools and then students within classrooms, the
sampling design is a three-stage cluster sample with schools as clusters and classrooms as
subclusters. Each stage of cluster sampling adds to the design effect (inflates the
variance) of the treatment group mean. Ignoring these design effect (which is the
equivalent to assuming that the sampling design is a simple random sample of students
form the total population) leads to an underestimate of the variance of the treatment
group means and therefore an underestimate of the variance of the treatment effect.

Designs involving two levels of clustering are widespread in education (e.g.,
designs that assign schools with multiple classrooms within schools to treatments).
While methods are available to adjust for the effects of one level of clustering on simple
tests of significance (e.g., Hedges, in press), less is known about methods for taking two
levels of clustering into account. Such methods are likely to have wide application in
education for two reasons. The first reason is the increasing prevalence of educational
experiments that assign treatments to schools in order to avoid cross contamination of
different treatments within the same school. The second reason is the practical fact that,
since students are nested within classrooms and classrooms are nested within schools, it
is easier to sample students by using a multistage cluster sampling plan that first samples
schools and then classrooms. Such designs are therefore widely used in quasi-
experiments as well as experiments.

Although we use the terms “schools” and “classrooms” to characterize the stages
of clustering, this is merely a matter of convenience and readily understandable
terminology. The results of this paper apply equally well to any situation in which there
is a three-stage sampling design [where individual units are sampled by first sampling
clusters (e.g., schools) and then sampling subclusters (e.g., classrooms) within the
clusters, and finally sampling individual units (e.g., students) within the subclusters] and
treatments are assigned to clusters (e.g., schools).

The purpose of this paper is to provide an analysis of the effects of two-levels of
nesting (clustering) on significance tests and confidence intervals for treatment effects.
First we derive the sampling distribution of the #-statistic under a clustered sampling
model with equal cluster sample sizes. Then we provide and evaluate some simpler
approximate methods for adjusting significance tests for the effects of clustering. Next
we consider whether acceptable corrections may be obtained by adjusting for only one of
the levels of nesting. Then we provide a generalization for unequal cluster (and
subcluster) sample sizes. This research provides a simple correction that may be applied
to a statistical test that was computed (incorrectly) ignoring the clustering of individuals
within groups. The correction requires that a bound on the amount of clustering (in the
form of an upper bound on the intraclass correlation parameters) is known or that the
intraclass correlation parameters can be imputed for sensitivity analysis. We then derive
confidence intervals for the mean difference based on the corrected test statistic. Finally
we consider the power of the corrected test.

Model and Notation
Let Y,-jkT(iZ 1, ..., mT; j=1, ...,p,-T; k=1, ..., nl»jT) and Y,jkc i=1,..., mc;j= 1,
LS k=1, ..., ;%) be the k™ observation in the /" classroom in the i school in the

treatment and control groups respectively. Thus, in the treatment group, there are m”
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schools, the i™ school has p;” classrooms, and the ;" classroom in the " school has n;;"
observations. Slmllarly, in the control group, there are m © schools, the i™ school has pi€
classrooms, and the /! ] " classroom in the i school has ;< observations. Thus there is a

total of M= m” + m® schools, a total of
T mC
m

T C
P=3% pi + Z pi
i=1 i=1
classrooms, and a total of

N=NT+NC = zznhz Zn-c

observations overall.
Let Z{. (i=1,...m") and Z.C, (i=1, ..., m") be the means of the i school in the

treatment and control groups, respectively, let ZJT. (i=1,..., m’; j=1,..., k) and Z]C, (i=
1, ..., mC; j=1, ..., k) be the means of the jth class in the i™ school in the treatment and

control groups, respectively, and let i{. and )7.(3. be the overall means in the treatment

and control groups, respectively. Define the (pooled) within treatment groups variance S°
via

m PT ‘T mCPC ;
: ! FC \2
Z Z Z( ooo) +z Z Z(Uk Yooo
S2:zljlk1 i=1 j=1k=1 (1)
N-=-2

Suppose that observations within the jth subcluster (classroom) in the i cluster
(school) within the treatment and control group groups are normally distributed about
cluster (classroom) means ,u,-jT and ﬂijc with a common within-cluster variance oy”. That
is

YUZ;; ~N(,ul~]T-,0'WC2), i=1, ..., mT; j=1, ...,piT; k=1,..., n
And (2)

Uk N(,ul] GWC) i= ..,mC;jZI,...,piC;k=l,...,n,-~C.

Suppose further that the subcluster (classroom) means are random effects (for example
they are considered a sample from a population of means) so that the class means
themselves have a normal distribution about the school means ,u,-.T and ,u,-.C and common
variance 0'3(]2 . That is

T T A ;
lul] NN(lLtl.,GBC )51215 ey mT;.]Zl""’piT
and (3)
C C A i
ti ~ N(tesopc™) s i=1, cumSj=1, ., p.
Finally suppose that the cluster (school) means ;4" and ;s are also normally distributed

about the treatment and control group means zee’ and zzes© with common variance os’.
That is

T T A
/uio NN(,U..,O'BS )512 15 e, m
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and 4)

C C A c
Uie ~ N(Ugs,0p57),i=1,...,m".

Note that in this formulation, o8c° represents true variation of the population means of
classrooms over and above the variation in sample means that would be expected from
variation in the sampling of observations into classroom. Similarly, OB represents the
true variation in school means, over and above the variation in sample means that would
be expected from variation dues to the sampling of observations into schools.

These assumptions correspond to the usual assumptions that would be made in the
analysis of a multi-site trial by a three-level hierarchical linear models analysis, an
analysis of variance (with treatment as a fixed effect and schools and classrooms as
nested random effects), or a t-test using the school means in treatment and control group
as the unit of analysis.

Intraclass Correlations

In principle there are several different within-treatment group variances in a
design with two levels of nesting (a three level design). We have already defined the
within-classroom, between-classroom, and between-school, variances aWC2 s O'BCZ , and 0352 .
There is also the total variance within treatment groups oy;° defined via

0'72~ = O'%;S + O'Z%C + O'%/C . (5)

In most educational achievement data when clusters are schools and subclusters are
classrooms, 0'352 and O'BC2 are considerably smaller than owcz. Obviously, if the between
school and classroom variances ozs” and opc” are small, then o7° will be very similar to
o WCZ.

In two-level models (e.g., those with schools and students as levels), the relation
between variances associated with the two levels is characterized by an index called the
intraclass correlation. In three-level models, two indices are necessary to characterize the
relationship between these variances, and they are generalizations of the intraclass
correlation. Define the school-level intraclass correlation pg by

2 2
— OBsS — OBsS (6)
Ps = 2 2 2

OBs t*Opc+towc OT

Similarly, define the classroom level intraclass correlation pc by

_ oBic _9 B
Pc = 2 2 2 7 (7)
OBs topctowc  Or
These intraclass correlations can be used to obtain one of these variances from any of the
others, Sil’lCG 0'352 = pso'TZ, O'BCZ = pcO'y"z, and O'WC2 = (1 —pg—pc)O'TZ.
Hypothesis Testing

The object of the statistical analysis may be to test the statistical significance of
the intervention effect, that is, to test the hypothesis of no treatment effect

HO: ,u..T = ,Uooc-
The Test Statistic Ignoring Clustering

Suppose that the researcher wishes to test the hypothesis and carries out the usual
t- or F-test. The t-test involves computing the test statistic

. W(Y.;.—Y.i), ®
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where S is the usual pooled within treatment group standard deviation defined in (1) and
T A7C
=N

N +N
The F-test statistic from a one-way analysis of variance ignoring clustering is of course F'
= . If there is no clustering (that is, if ps = p¢c = 0), the test statistic ¢ has Student’s #-
distribution with N — 2 degrees of freedom when the null hypothesis is true. If there is
clustering (that is if either pg # 0 or pc # 0) the test statistic has a different sampling
distribution—one that depends on pgand pc.

Note that this #-test (or the corresponding F-test) would not be computed if the
analyst was properly addressing the clustered nature of the sample. As we noted above,
other analyses that would be appropriate include analyses that include the clusters and
subclusters as factors nested within treatments, analyses that use a hierarchical linear
model including subclusters and clusters as level 2 and level 3 units, or use cluster means
as the units of analysis. However, the objective of this paper is not to examine these
analyses but to examine the effects of using (8) as a test statistic when the sample is a
clustered sample.

When there is no clustering (that is when pg = pc = 0), the numerator of (8) has a
normal distribution with standard deviation o7. In other words, when the null hypothesis
is true

N (L -Y5) o,
has the standard normal distribution. Similarly, when there is no clustering (that is when
ps=pc=0),(N- 2)S%/57 is distributed as a chi-square with (N — 2) degrees of freedom
so that §° is distributed as o;° times a chi-square with (N — 2) degrees of freedom. In
other words S/o7 is distributed as the square root of a chi-square with (N — 2) degrees of
freedom divided by its degrees of freedom. Note that the scale factor o7, which occurs in
both the numerator and the denominator, cancels so that the ratio, ¢, is scale free.
Because the numerator has the standard normal distribution and the denominator is the
square root of the ratio of a chi-square with (N — 2) degrees of freedom to its degrees of
freedom that is independent of the numerator, the ratio in (8) has (by definition) Student’s
t-distribution with (N — 2) degrees of freedom.

The Impact of Clustering

When there is clustering (either ps # 0 or pc # 0), neither the numerator nor the
denominator of the #-statistic given in (8) has the same distribution as they do when either
ps = pc = 0. We now indicate how the distribution of the numerator and denominator are
different when pg # 0 or pc # 0 in the balanced design where the cluster sample sizes piT
and p,“ are all equal to p and the subcluster sample sizes n,]-T and n,-jC are all equal to n.

Assuming that the design is balanced, the numerator has a normal distribution
with mean 0, but with a generally larger variance: a7°[1 + (pn — L)ps + (n— 1)pc ]. The
factor [1 + (pn— 1)ps + (n — 1)pc | is a generalization of Kish’s (1965) design effect for
two levels of nesting. In other words, when pg or pc # 0, and the null hypothesis is true

N (VL =TS ) o [T+ (pn—yp +(n—D)p,

has the standard normal distribution.
Assuming a balanced design, the expected value of §” is no longer o7, but instead
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- - 2(pn—1 2(n—1
E{Sz}:a%/c+(—N 2pnja§5+(—N anoéczo-%(l— (pn=Dps +2(n )’Ocj.

N-2 N-2 N-2
Thus the scale factor necessary to standardize S is not o7. We show in the Appendix that
hs?
2(_2n—Dpg +2(n-Dpc
or -
N-2

has, to an excellent approximation, the chi-square distribution with /4 degrees of freedom,
where

. [N =2-2(pn—1)p; —2(1-Dp. |
pnNp; +nNpl +(N =2)p* +2nNpgp. +2Npsp +2Np.p
where N = (N—2pn), N = (N—-2n),andp =1 — ps— pc.

Taking the partial derivative of 4 with respect to ps or pc, we see that 4 is a
decreasing function of pg and pc. If ps = pc = 0 and there is no clustering, 4 = (N — 2)
and § has the nominal degrees of freedom as expected. If ps = 1 (so that pc = 0) and
there is complete clustering by school (no variability within clusters), then 7 = (M — 2) as
expected (because the only variability is that between the M clusters). If pc = 1 (so that
ps = 0) and there is complete clustering by classroom (no variability within subclusters or
between clusters), then # = (Mp — 2) as expected (because the only variability is that
between the Mp subclusters). If 0 <ps<1and 0 <p¢ <1, then 4 is between (M — 2) and
(N — 2) and its value reflects the effective degrees of freedom in S.

These results imply that when either ps # 0 or pc # 0, S/o7 is no longer distributed
as the square root of a chi-square with (N — 2) degrees of freedom divided by its degrees
of freedom, but

h

)

S

J _ 2(pn—ypg +2(n—Dpc
or 1
N-=-2

is distributed as the square root of a chi-square with / degrees of freedom divided by its
degrees of freedom.
The Sampling Distribution of the 7-Statistic When Either ps# 0 or pc # 0

The results in the previous section imply that when either ps # 0 or pc # 0, the
statistic

INEL T oy L pn—Tps +-Dp. _ N(TL-TS) _

S/GT\/I_ 2(pn—1)pg +2(n—1)p, S
N-2

has the ¢-distribution with /4 degrees of freedom, where c is a constant depending on N, p,

n, ps, and p¢ that absorbs the ratios of the scale factors in numerator and denominator,

which given by

:\/ N =2-2(pn—1)p; —2(n—Dp,

(10)
(N=2)[1+ (pn—1)pg +(n—-1)p, |
Thus the statistic

ty=ct (11)
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has the #-distribution with / degrees of freedom and can be thought of as a #-statistic
adjusted for both for clustering effects on the mean difference and on the standard
deviation.

Thus a two-sided test of the null hypothesis of equal group means consists of
rejecting Hy if | ¢4 | exceeds the 100a_percent two-tailed critical value of the #-distribution
with 4 degrees of freedom. The one sided test rejects Hy on the positive side if 74 exceeds
the 1000 percent one-tailed critical value of the #-distribution with /4 degrees of freedom.

Note that if pg = 0 and pc = 0 so that there is no clustering, thenc=1and h =N —
2. That is, when pg = 0 and p¢ = 0, the test based on ¢4 reduces to the usual #-test ignoring
clustering. When pg= 1 and pc = 0 and there is complete clustering by school, then ¢

Z\/(M —2)/(N-2) and h=M — 2. That is, when ps= 1 and pc = 0, and the test based
on ¢4 reduces to a ¢-test computed using the cluster (school) means. Note that when pg =
Oand pc=1,c= \/(Mp —2)/(N—-2) and h = Mp — 2, so that the test based on z, reduces

to a t-test computed using the subcluster (classroom) means.

The sampling distribution of #, is not exact, but it is based on theory that yields a
very good approximation (see, e.g., Welch, 1949; Welch, 1956; Gaylor and Hopper 1969)
and 1s widely used in other settings to construct tests in complex analyses of variance,
such as unbalanced between-subjects designs and repeated measures designs (see, e.g.,
Geisser and Greenhouse, 1958). Extensive simulation experiments in connection with
two-level designs found the rejection rates of the corresponding test to be
indistinguishable from nominal (see Hedges, in press). Our simulation results in three
level designs (not reported here) also confirm that rejection rates do not appear to differ
from nominal.

One immediate application of the results in this paper is to study the rejection rate
of the unadjusted ¢-test. While it is well known that the unadjusted #-test has a rejection
rate that is often much higher than nominal (see, e.g., Murray, Hannan, and Baker, 1996),
previous studies have relied on simulation to study this test. The sampling distribution of
t4 provides an analytic expression for the rejection rates of the unadjusted #-test under the
cluster sampling model. Let t(v, a) be the level a two-sided critical value for the #-
distribution with v degrees of freedom. Then the usual unadjusted #-test rejects if
|t} > t(N — 2, ). Because t4 = ct has the ¢-distribution with 4 degrees of freedom under the
null hypothesis, the rejection rate of the unadjusted test is

2{1-F[et(N - 2),a), A]}, (12)

where F[x, v] is the cumulative distribution function of the ¢-distribution with v degrees of
freedom. Computations with this expression (not reported in this paper) are very
consistent with the empirical rejection rates obtained in our simulations.

Relation to Previous Work

The properties of significance tests in designs with two-levels of nesting were
discussed by Murray, Hannan, and Baker (1996). In one part of their paper, they
provided results of Monte Carlo studies of rejection rates of the naive test that ignored
clustering (the test based on the statistic Fi,q with degrees of freedom ddfi,q in their
notation). The rejection rates computed using the methods in this paper agree well with
their results. Table 1 gives the values computed using the methods in this paper and the
results given in Table 1 of Murray, Hannan, and Baker (1996) for Fiyq with degrees of
freedom ddfing. All of these results based on this paper are within two standard errors of
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the empirical proportion obtained in the simulation, and all but one are within one
standard error.

The sampling distribution of 74 derived in this paper provide some insight about
other approaches to testing mean differences in clustered samples. For designs with a
single level of clustering, Kish (1965) suggested multiplying S (or, equivalently, dividing
the -statistic) by the square root of the design effect to remove the effect of clustering on
the numerator of the #-statistic. The generalization of that suggestion would be to divide
the ¢-statistic by the square root of [1 + (pn — 1)ps + (n — 1)pc ], yielding the statistic is

_ N@L-TE)
S+ (pn—Dpg +(n—D)p.

However because this statistic is does not correct for the fact that the scale factor
necessary to standardize Sy is not o7, the sampling distribution of # is not a ¢-
distribution but a constant times a ¢-distribution with /4 degrees of freedom, namely

K

_ Z . 13
'K Jl_z(pn—npwz(n—l)pc ()
N-=-2

If ps # 0 or pc # 0 the denominator of (13) is less than one, so #x > ¢4. However note that
the denominator of (13) will be quite close to 1 unless m is small and pg is large. For
example, if ps = 0.25, pc=0.15, n =30, p = 3 and m = 2, the denominator of (13) is about
0.925, but if n = 30, p = 3, and m = 10, the denominator is 0.986. Therefore the sampling
distribution of tx is approximately a ¢-distribution with 4 degrees of freedom.

One might wish to avoid the computation of / by using a simpler approximation
for the degrees of freedom that is used to obtain a critical value for the test using #.
Obvious possibilities for degrees of freedom include the degrees of freedom based on the
number of individuals, namely (N — 2); degrees of freedom based on the number of
schools, namely (M — 2); and the effective degrees of freedom reduced by the design
effect, namely (N —2)/[1 + (pn— 1)ps + (n— 1)pc ]. Table 2 shows the actual rejection
rates for two-sided tests at the o = 0.05 significance level for the naive test that ignores
clustering and for tests using the statistic #x with critical values based on (N —2), (M —2),
and (N—-2)/[1 + (pn— 1)ps + (n — 1)pc ] degrees of freedom for plausible situations.
The eighth column of the table, which gives the results of the naive test ignoring
clustering, shows that the effects of two levels of clustering can be profound. It shows
that the actual rejection rates for the 5 percent test under the null hypothesis are as large
as 70 percent. Note that the test based on statistic 7x using (N — 2) degrees of freedom is
liberal, rejecting more often than its nominal rate of 5 percent, particularly when the
number M of clusters is small. The test based on statistic #x using (M — 2) degrees of
freedom is conservative, rejecting less often than its nominal rate of 5 percent, and is very
conservative when the number M of clusters is small. In contrast, the test based on
statistic ¢ using (N —2)/ [1 + (pn — 1)ps + (n — 1)pc | degrees of freedom is sometimes
slightly liberal, sometimes slightly conservative, but generally has a level very close to
the nominal 5 percent.

Unequal Cluster Sample Sizes

When cluster sample sizes are unequal, the expression for the sampling
distribution of the #-test statistic from clustered samples and is considerably more
complex. In this section we give the sampling distribution of the usual #-statistic and a
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statistic that is adjusted for the effects of clustering when cluster sample sizes are not
equal. These expressions may be of use when cluster sample sizes are unequal and are
reported explicitly. They also give some insight about what single “compromise” value
of p or n might give most accurate results when substituted into the equal sample size
formulas for rough approximations.

The expressions are quite complex when subcluster sample sizes are unequal.
Consequently we provide expressions for the adjusted #-statistic and its degrees of
freedom when the subcluster sizes are equal, but the cluster sizes are unequal. Then we
give expressions when the subcluster sample sizes are unequal.

Unequal Cluster (School) Sample Sizes but Equal Subcluster (Classroom) Sizes

In this section we consider the case when the subcluster (classroom) sample sizes
are equal or nearly so, but clusters differ in the number of subclusters (e.g., schools have
different numbers of classrooms). That is we assume that the subcluster sample sizes n;"
and n,-jc are all equal to n, but the number of treatment and control group clusters (m’ and
m®) may differ and the number of subclusters within each treatment and control group
clusters (p;” and p;°) may also differ.

This situation is of interest for several reasons. First, as a practical matter,
schools that are sampled in research studies have different numbers of classrooms, but the
classroom sample sizes are equal or approximately equal (see, e.g., Ridgeway, et al.,
2000). Second, the adjustment to the z-statistic and the degrees of freedom depend much
more on cluster (school) sample sizes than on subcluster (classroom) sample sizes.
Therefore adjustment for unequal classroom sample sizes is a second order correction to
both test statistic and degrees of freedom, so treating the subcluster sample sizes as equal
when they are not quite equal has relatively little effect. Third, the subcluster sample
sizes are much less likely to be reported than the cluster sample sizes, so these
expressions are more likely to be of practical use. Finally, the expressions for the
adjustment and the degrees of freedom are much simpler when subcluster sample sizes
are equal.

When the number of clusters is unequal, the adjusted #-statistic that is a
generalization of (11) becomes

tyu = cyt (14)
where the adjustment constant cy is given by

:\/(N—Z)—Z(l_w—l)ps —2(n-1)p,
CANW-D[1+(Byn-Dps+(n-Dp.]’

(15)

where

(16)

and

Nan(pl.T)z NTnZ:(pic)2
i=;- + [=1C .
N'N N°N

Note that if all the p; and p;“ are equal to p, then Dy =Pp. Py =D, and expression (15) for

Dy = (17)

cy reduces to expression (10) for c.
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The statistic 74y has Student’s #-distribution with /# degrees of freedom, where 4y
is given by

) [N-2-2@,n-Dp, —2(1-Dp. ]
v Apé + nﬁpé +(N-2)p° + 2n]\A/UpSpC + 2]VUpSﬁ+2Npcﬁ
where ]\7U =(N-2pyn), N=(N-2n),andp=1— ps— pc and the auxiliary constant 4 is
defined via 4 = 4" + 4 and

) Sl Story | v S

(18)

i=1 i=1

A = — -
)
(19)
PV Slot o (S0 | oS
AC _ i=l i=1 . i=1 ,
(v

and

m ¢

PC = zplc .
i=1
Note that when the p;” and p;“ are all equal to p, then py =p, A=pn(N—2pn),

expression (18) for 4y reduces to expression (9) for 4.
Unequal Subcluster (Classroom) Sample Sizes
The exact expression for the degrees of freedom / is quite complex when
subcluster (classroom) sample sizes are unequal. The complexity of the expression is not
unexpected. The denominator of /4 is the variance of a linear combination of three
correlated variance component estimates, and the variances and covariances of these
variance component estimates are themselves quite complex in unbalanced designs with
two nested factors (see e.g., Searle, 1971, pp. 475 - 477). To obtain reasonably compact
expressions, it is useful to definite several auxiliary constants, which are given in Table 3.
When the sample size in the subclusters is unequal, the adjusted z-statistic that is a
generalization of (11) becomes

tyu = cyt
where the adjustment constant ¢y is given by
_ [N =2)=2(k —Dp, —2(k ~Dp. 0
U - ~ ~
(N=2)[1+(k, =D + (ks =g, |
where k; = k;" + kS, ks = k3" + k55,
a:N%{Hﬂﬁj
NT +NC
%:N%{ng

NT L NC
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and the auxiliary constants k", k;C, ks', and k; are defined in Table 2. Note that if all
the p;” and p;“ are equal to p and if all the n,-jT and n,-jc are equal to n, then k; = pn and k; =
n, and expression (20) for ¢y reduces to expression (10) for c.

When the null hypothesis is true, the statistic z4 has Student’s ¢-distribution with
h degrees of freedom, where /4y is given by

) [N =2-2(k ~Dp, -2(k, ~Dp, | o1
 (N=2)p” +Bp; +Cp;. +2Dpspe.+2Epsp + 2Fpcp

where p=1-ps—pc,andB=B"+B, C=C"+C“,D=D"+D"E=E" + E-, and F
= F"+ F€ are defined below. In the definition below, the T and C superscripts denoting
the Treatment and Control groups are omitted for simplicity. Thus, the definition below
gives the value of the constants B, C, D, E, and F within each treatment group (B”, C”,

etc.) in terms of auxiliary constants k; to kg given in Table 2:
B =[ki(N+ k;) — 2ky/N],

U

C = {2ks[N(ki2 — ks) + ks(N — k12)*] + 2(N — ks)*(2k7 + Nks — 2ks)

— 4(N — k3) (k12 — k3)(k7 + Nks — ks) + 4(N — k3)(N — kp2)(ks — k7 — ko/N)
+ 4N — ki2) (k12 — ka)kd NY/{(N = k12)},

D = [ks(N + k;) — 2ks/N],

E=[N-k]

F=[N-k;].
Note that when the p;” and p, are all equal to p, and all the the n;" and n;" are equal to n
then expression (21) for 4y reduces to expression (9) for 4.
Confidence Intervals
Confidence intervals based on the standard error of the mean difference and using
the critical values used in the test based on # assuming simple random sampling will not
be accurate when either ps# 0 and p > 1 or pc # 0 and n > 1. That is, the actual
probability content of these confidence intervals will usually be smaller than nominal (the
confidence intervals will be too short). The corrected #-statistic 74 can be used to obtain
confidence intervals that will have the correct probability content.
A 100(1 — o) percent confidence interval for the treatment effect fies’ — fee® iS
given by
(T =TS )= ta ) S /NN < pdy =iy < (Teta =TS0 )+t )S /N, (22)
where c is the constant defined in (10) if the cluster and subcluster sample sizes,
respectively are equal or the constant ¢y defined in (15) or (20) if they are unequal and
t(a,v) 1s the 100a percent two-sided critical value of the #-distribution with v degrees of
freedom (e.g., if a« = 0.05 and v = 120, then t(a, v) = 1.98).
Example
An evaluation of the connected mathematics curriculum reported by Ridgway, et

al. (2002) compared the achievement of p” = 2 classrooms of 6 grade students who used
connected mathematics in each of m’ = 9 schools with that of p = 1 classroom in each of



Correcting a significance test for two levels of nesting 14

m® =9 schools in a comparison group that did not use connected mathematics. In this
quasi-experimental design the clusters were schools and the subclusters were classrooms.
The class sizes were not identical but the average class size in the treatment group was
N'/m"=338/18 = 18.8 and N“/m" = 162/18 = 18 in the control group. The exact sizes of
all the classes were not reported, but here we treat the subcluster sizes as if they were
equal and choose n = 18 as a slightly conservative sample size. The mean difference

between treatment and control groups is Y,{. - YS, = -1.5, the pooled within-groups

standard deviation Syr = 2.436. This evaluation involved sites in all regions of the
country and it was intended to be nationally representative. Ridgeway et al. did not give
an estimate of the intraclass correlation based on their sample. Hedges and Hedberg
(2007) provide an estimate of the school level grade 6 intraclass correlation in
mathematics achievement for the nation as a whole (based on a national probability
sample) of 0.264. Therefore for this example we assume that the intraclass correlation at
the school level is ps = 0.264 and that the classroom level intraclass correlation is about
two thirds as large, namely pc = 0.176.

The analysis carried out by the investigators ignored clustering. Comparing the
mean of all of the students in the treatment group with the mean of all of the students in
the control group using a conventional 7-test leads to an unadjusted ¢ value of t = 6.399,
which is highly statistically significant compared with a critical value based on (N —2) =
500 — 2 =498 degrees of freedom or 486 — 2 = 484 degrees of freedom using our slightly
conservative assumption that classrooms had an equal sample size of n = 18.

To determine what impact clustering may have had on the statistical significance
of these findings we compute the adjusted r-test. We start by computing p;; using (16)

and py; from (17) we obtain p;; = 1.5 and p;; = 1.33. Inserting these values into the

expression (15) for ¢y yields ¢y = 0.309 and a ¢-statistic adjusted for clustering of 4y =
1.976, which is much smaller than the unadjusted z-statistic. To compute the degrees of
freedom for the adjusted test, we first compute the auxiliary constant 4 using (19) and

obtain 4 = 12,960, then we insert this value of 4 along with N =432 and N =450 into
(18) to obtain 4y = 96.02. Comparing the value of the adjusted statistic, ¢,y = 1.976, with
Student’s #-distribution with # = 96.02 degrees of freedom, we see that the two-tailed p-
value is p = 0.051. Thus a conventional interpretation would be that the result is not quite
statistically significant at the 5 percent level. A 95 per cent confidence interval for fies’ —
Ueo" computed from (22) is given by

-3.007 < fies’ — ftee" < 0.007,
which has width 3.014, and as expected from the outcome of the significance test,
contains zero. Comparing this to the confidence interval that would be computed
ignoring clustering, (-1.96 to -1.04) which has width 0.92, we see that the confidence
interval which ignores clustering is considerably (and erroneously) narrower than that
using ¢4, which takes clustering into account.

This example illustrates that a finding that implies treatment effects that may
seem very reliably different from zero when the analysis ignores clustering may be
equivocal when clustering is taken into account. The adjustment used in this example
involves assumptions about intraclass correlations that may not be exactly correct. It
should be viewed more as a sensitivity analysis than as a sharp estimate of actual
significance values. (For example, if the value of pg was decreased to ps = 0.25, the
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adjusted #-test would yield a p-value less than 0.05.) However the assumptions made in
this example are likely to be more plausible than the assumption that pg = pc = 0 that
corresponds to the idea that clustering can be safely ignored.

This example also illustrates that when the sampling design in an experiment
involves a three stage sample with two levels of clustering (nesting), such as sampling
students by first selecting schools, then classrooms within schools, then students within
classrooms, it is important to include all of the levels of nesting in adjustments for
clustering. If we had ignored the clustering at the classroom level (or equivalently
assumed that pc = 0) and continued to assume that ps = 0.264, then we would have
calculated a value of ¢y =0.371 and an adjusted #-statistic of ¢,y = 2.372 with 7 = 165.87
degrees of freedom and a p-value of p = 0.019. Thus we would have concluded that that
the treatment effect was still reliably different from zero, even after adjusting for
clustering at the school level.

Power Considerations

In evaluating any statistical test, it is useful to know its power relative to
alternative tests that might be used. The corrected #-test presented in this paper is likely
to be used in situations where there is no obvious alternative (that is in situations where
only a data summary such as a #-statistic computed ignoring clustering is available). Yet
it is still useful to know something about the power of this test compared with that of the
alternatives that could be used if more data were available.

Two alternatives that require more information than the test given here, but which
may be computed without complete reanalysis of the data, are a #-test performed on
cluster (school) means (that is using the school as the unit of analysis) and a generalized
least squares (GLS) analysis computed using known values of ps and p¢ to parameterize
the error covariance matrix. Blair and Higgins (1986) give the two level version of the
test based on GLS, but its extension to three levels is straightforward. These two tests
provide useful standards of comparison because the test based on cluster (school) means
is the most powerful exact test when both ps and p¢ are unknown, while the test based on
generalized least squares is the most powerful exact test when both pg and p¢ are known.

When the null hypothesis is false (and the design is balanced), the test statistic
used in all three analyses (the one based on the results in this paper, and the two
alternatives requiring more data) have noncentral 7-distributions with the same
noncentrality parameter,

NN -i) \/ 1

L+ (pn=1)pg+(n=1)p.
but different degrees of freedom [(N — 2), A, or (M — 2), respectively]. Because the power
is an increasing function of degrees of freedom for a fixed noncentrality parameter the
relative power of these three tests is therefore determined by the degrees of freedom.
Because the analysis based on generalized least squares has (N — 2) degrees of freedom
and (N—-2)>h > (M - 2), it will provide the most powerful test if p is known and the raw
data are available. Because the analysis based on school means has (M — 2) degrees of
freedom and (M — 2) < h < (N —2), it should always provide the least powerful of the
three tests. Because the test based on 74 has 4 degrees of freedom, it should have power
in between the other two tests. However, because the dependence of the power function
on degrees of freedom for a fixed noncentrality parameter) is slight when degrees of

(23)

Or
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freedom are 30 or more, the difference in the power of these three tests need not be
substantial.

Table 4 gives the power of each of the three tests in some illustrative situations
when fee’ — ftee” = 1.007, and the last column is the ratio of the power of the test
proposed here to that of the test based on generalized least squares. This table illustrates
that when the number of clusters is small, the adjusted #-test is considerably more
powerful than the test using cluster means as the unit of analysis, but the power
advantage decreases as the number of clusters increases. However it is important to
remember that the test based on cluster means is the most powerful test if ps and pc are
unknown. That is, the power advantage of the GLS test and the adjusted #-test depends
on having known values of pg and pc. While the adjusted #-test is slightly less powerful
than the GLS test, it is very nearly as powerful.

Conclusions

Cluster randomized trials are important in education and the social and policy
sciences, but these trials are often improperly analyzed by ignoring the effects of
clustering on significance tests. It is obviously desirable that these trials should be
analyzed using more appropriate statistical methods (such as multilevel statistical
methods). However, when conclusions must be drawn from published reports (using #- or
F-tests that ignore clustering), corrected significance levels and confidence intervals can
be obtained if the intraclass correlations are known or plausible values can be imputed.
Such procedures provide reasonably accurate significance levels and are suitable for
bounds on the results.

The theory given in this paper can also be used to study alternative suggestions
for adjusting #-tests for clustering. Such analyses show that a test based on Kish’s
statistic tx gives quite conservative results when critical values are obtained using degrees
of freedom based strictly on the number of clusters. A test based on #x has rejection rates
that are generally close to nominal (but not always strictly conservative) when critical
values are obtained using degrees of freedom adjusted for the design effect involving
both levels of clustering.

When using the adjustments to test statistics given in this paper, it is important to
adjust for both levels of clustering. Ignoring one of the levels of nesting (clustering) in
computing the adjusted z-statistic or #x can result in substantial inflation of significance
levels.

This paper considered only the simplest analyses for treatment effects under a
sampling model with two levels of nesting. Educational experiments sometimes involve
the use of covariates at one or more levels of the design to increase precision. The
generalization of the methods used in this paper to more complex designs and more
complex analyses would be desirable to provide methods for dealing with such cases.
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Appendix

Derivations with the Equal Cluster and Subcluster Sample Sizes
Under the model the sampling distribution of the numerator of (8) is normal with

mean/N (1", - 1) and variance oy’ + pnogs’ + nosc = o [1 + (pn — Dps + (n — Dpcl.
The square of the denominator of (8), can be written as
§ SSBS+SSBC+SSWC’ 24)
N-2
where SSBS is the pooled sum of squares between cluster (school) means within
treatment groups, SSBC is the pooled sum of squares between subcluster (classroom)
means within schools and treatment groups, and SSWC is the pooled sum of squares
within subclusters (classrooms). Therefore SSWCloyc” has the chi-squared distribution
with (N — Mp) degrees of freedom, where M =m’ + m°. Similarly
SSBC

2 2 (25)
Oy +10 5
has the chi-squared distribution with (Mp — M) degrees of freedom and
SSBS 26)

Oy + N0 4 + PNO g
has the chi-squared distribution with (M — 2) degrees of freedom.

Thus $” is a linear combination of independent chi-squares. To obtain the
sampling distribution of $°, we use a result of Box (1954), which gives the sampling
distribution of quadratic forms in normal variables in terms of the first two cumulants of
the quadratic form. Theorem 3.1 in Box (1954) implies that S is distributed to an
excellent approximation as a constant g times chi-square with 4 degrees of freedom,
where g and /4 are given by

_V{s%)
&7 E(s?) @7)
and
2(E4s?1Y
hz(E{—Sz}), (28)
V{s7}

where E{X} and V{X} are the expected value and the variance of X. Therefore we have
that S”/gh = S/E{S°} is distributed as a chi-square with / degrees of freedom divided by
h.

By the definition of the noncentral #-distribution (see, e.g., Johnson and Kotz,
1970), it follows that

VNI Yo, T+ (pn—Dpy(n=Dp,
S/0,\E{s?)
has the noncentral z-distribution with / degrees of freedom and noncentrality parameter
_ Nl - 1)
o1+ (pn=Dps +(n=Dp.

=ct
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where c is given by
E{S’}/0;

="

NI+ (n—1)p
and / is given by (28). When u” — 4 = 0 (and therefore A = 0), the distribution is a
central #-distribution with / degrees of freedom.

It follows from (24), and standard theory for expected mean squares in
hierarchical designs (see, e.g., Kirk, 1995) that

-2 -2
E{S2}=G%/C—i-(N n]O'lzgc-l-(uJO'%S

(29)

N-2 N-2
and
Z[pnl\?ags +nNGh. +(N=2)0. +2nNC s + 2N o + ZNGECGVZVC]
(N-2)

where N = (N —2pn), N = (N —2n), andp = 1 — ps— pc. Inserting these values for the
mean and variance of S into (27) and (28), using the fact that pSaT2 = 055", pcc772 = o5¢°
and (1 — ps — po)or’ = owc’, and simplifying gives the values we obtain for ¢ given in (10)
and 4 given in (9).
Unequal Cluster Sample Sizes

When cluster sample sizes are unequal but samples sizes in subclasses are equal,

expressions for the expressions for the constant ¢ and degrees of freedom % are more
complex. A direct argument leads to

5T _+C NTNC N 2 2 2

V{Yooo _Yooo}: T . C (O-WC +nO-BC+ﬁUno-BS) (30)
N +N

where py; is defined in (17). Therefore the sampling distribution of the numerator of (8)

V{s*} =

b

is normal with mean \/ﬁ(,ui - 1S, ) and variance oW + fog = 072[1 +(pyn —1)pS +(n -

Dpcl.

The expected value and variance of $° can be calculated from the analysis of
variance between clusters, between subclusters, and within clusters within the treatment
groups. When cluster sample sizes are unequal, the sums of squares are still independent,
and the within cluster sum of squares has a chi-square distribution, but if ps # 1, the
between cluster sum of squares does not have a chi-square distribution. However
because S” is a quadratic form, Box’s theorem can be used to obtain the distribution of 5.

To obtain the expected value and variance of $°, use the fact that
_ SSBS" +SSBS + SSBC" + SSBC® + SSWC" + SSWC*

N-2
where SSBS”, SSBC” and SSBS”, SSWC" and SSBS®, SSBC and SSWC® are the sums of
squares between schools, between classes, and within classes in the treatment and control
groups, respectively. When subcluster sample sizes are equal, it is easiest to do this in
two steps. Start by computing the sum of squares within schools in the treatment and
control groups via SSWS’ = SSBC” + SSWC" and SSWS® = SSBC + SSWCC. Because the
classroom sample sizes are equal, this computation is straightforward and follows exactly
from results for the two-level model given in Hedges (2007). Then S° can be written as

S2

b
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_ SSBS” + SSBS® + SSWS™ + SSWS*
N-2 '
Because SSBS” and SSBS® are functions of the school means in the treatment and control
groups, and they are independent of SSWS” and SSWSC, the mean and variance of $°
follow exactly from the results for the unequal sample size case for the two-level model
given in Hedges (2007) with clusters of size np;’ or np;“, respectively.
When the subcluster sample sizes are unequal, we compute S° as

_ssTT +88TC

N-2
where SST” and SST* are the sums of squares about the treatment and control group
means, respectively. Each treatment group can be viewed as a design with two nested
factors. The mean and variance of SST” and SST€ are calculated separately from results

on the estimation of variance components in unbalanced designs with two nested factors
(see, e.g., Searle, 1971, pages 474 —477). Specifically, for either group,

SST = (N =1)6ic +(N —k3)6 3¢ +(N —k)6 35 .

SZ

S2

2

Using results on the variances and covariances of &%VC, 6'12;(;, and 6%5 (see, e.g., Searle,

1971, pages 474 — 477), the mean and variance of S” are obtained from the mean and
variance of SST" and SST®. Inserting these values for the mean and variance of S into
(29) and (28), and simplifying gives the values we obtain for ¢y given in (20) and Ay
given in (21).
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Table 1
Theoretical
Results Empirical Results

Empirical

Rejection Rate Rejection
m_ p N Ps Pe From Equation 12 Rate  Empirical SE”
2 2 200 0.0008 0.0002 0.055 0.059 0.004
2 2 200 0.0400 0.0100 0.277 0.282 0.008
2 8 800 0.0008 0.0002 0.069 0.069 0.004
2 8 800 0.0400 0.0100 0.522 0.516 0.009
2 800 0.0008 0.0002 0.055 0.062 0.004
2 800 0.0400 0.0100 0.274 0.276 0.008

Note: Empirical results are from the first three rows of Table 1 in Murray, Hannan, and
Baker (1996).
a. n =25 in this table

b. SE = p(1- p)/3200



Table 2
The actual significance level of four nominal significance level a = 0.05 significance tests: the naive test (ignoring clustering) and tests
using 7x computed from critical values based on (N —2), (N — 2)/DEF“, and (M — 2) degrees of freedom

Naive Test tx with N -2 df tx with (N—2)/DEF df  tx with M — 2 df

m__p n N DEF'  h N-2 Actualp to/tx  Actual p (N-2)/DEF Actualp M -2 Actual p
ps — 0.25 pCc— 0.15

2 2 30 240 201 401 238 0.690  0.9250  0.076 11.8  0.048 2 <001

5 2 30 600 201 847 598 0.673  0.9709 0.060 29.8  0.050 8  0.028

10 2 30 1200 20.1 163.8 1198 0.667  0.9856 0.055 59.6  0.050 18 0.040

20 2 30 2400  20.1 3232 2398 0.665  0.9928  0.052 1193 0.050 38 0.045

2 3 30 360 27.6  50.0 358 0.731 0.9285 0.074 13.0 0.048 2 <.001

5 3 30 900 27.6 103.0 898 0.718 0.9721 0.059 32,5  0.050 8 0.027

10 3 30 1800 27.6 198.0 1798 0.713 0.9862 0.055 65.1 0.050 18 0.040

20 3 30 3600 27.6 3893 3598 0.711 0.9931 0.052 130.4  0.050 38 0.045

2 5 30 600 426 623 598 0.781 0.9313 0.072 14.0 0.050 2 <.001

5 5 30 1500 42.6 1245 1498 0.771 0.9732 0.059 352  0.050 8 0.027

10 5 30 3000 42.6 2374 2998 0.767 0.9867 0.054 70.4  0.050 18 0.039

20 5 30 6000 42.6 4652 5998 0.766 0.9934 0.052 140.8  0.050 38 0.045
ps— 0.25 pCc— 0.25

2 2 30 240 23 274 238 0.714 0.9184 0.082 103 0.051 2 0.001

5 2 30 600 23 612 598 0.695 0.9684 0.062 26.0 0.051 8 0.029

10 2 30 1200 23 120.1 1198 0.689 0.9843 0.056 52.1 0.051 18 0.041

20 2 30 2400 23 2384 2398 0.686 0.9922 0.053 104.3  0.050 38 0.046



2 3 30
5 3 30
10 3 30
20 3 30
2 5 30
5 5 30
10 5 30
20 5 30
ps— 0.15 pCc— 0.25
2 2 30
5 2 30
10 2 30
20 2 30
2 3 30
5 3 30
10 3 30
20 3 30
2 5 30
5 5 30
10 5 30
20 5 30

360
900
1800
3600

600
1500
3000
6000

240
600
1200
2400

360
900
1800
3600

600
1500
3000
6000

30.5
30.5
30.5
30.5

45.5
45.5
45.5
45.5

17.1
17.1
17.1
17.1

21.6
21.6
21.6
21.6

30.6
30.6
30.6
30.6

36.3
78.7
153.2
303.0

48.8
101.9
196.3
386.4

45.5
99.9
194.3
384.1

63.4
137.0
264.9
522.1

92.7
194.6
373.1
732.2

358
898
1798
3598

598
1498
2998
5998

238
598
1198
2398

358
898
1798
3598

598
1498
2998
5998

0.747
0.732
0.727
0.725

0.789
0.779
0.775
0.773

0.660
0.645
0.640
0.638

0.692
0.681
0.677
0.675

0.737
0.729
0.726
0.724
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0.9241
0.9705
0.9854
0.9927

0.9287
0.9722
0.9862
0.9931

0.9455
0.9787
0.9894
0.9947

0.9510
0.9807
0.9904
0.9952

0.9553
0.9824
0.9912
0.9956

0.077
0.061
0.055
0.053

0.074
0.059
0.055
0.052

0.069
0.057
0.054
0.052

0.066
0.056
0.053
0.052

0.064
0.055
0.053
0.051

11.7
29.4
59.0
118.0

13.1
32.9
65.9
131.8

13.9
35.0
70.1
140.2

16.6
41.6
83.2
166.6

19.5
49.0
98.0
196.0

0.049
0.051
0.050
0.050

0.050
0.050
0.050
0.050

0.047
0.049
0.050
0.050

0.048
0.050
0.050
0.050

0.049
0.050
0.050
0.050

18
38

18
38

18
38

18
38

18
38

<.001
0.028
0.040
0.045

<.001
0.027
0.040
0.045

<.001
0.026
0.039
0.045

<.001
0.025
0.038
0.044

<.001
0.025
0.038
0.044

a. DEF is Kish’s design effect, DEF =[1 + (pn — 1)ps + (n— 1)pc ].



Table 3
Auxiliary constants for computing the adjusted test statistic and its degrees of freedom
when subcluster sample sizes are unequal

) m| Pi m P
kl_ﬁznzo kIZZZ Zl:ni k3=—ZZn5
i=1 ] Bl Niz1j=1
i=1\ j=1"e J
m p; .3 i 2]
3 m Pi n: .
ky =2 2 m ks =Y / %,12.
i=1j=1 i=1\ j=1"4e m i—1 v
J_
ke =2
i=1 Nie
pi 2 =3
Zl: l’l; kg = z Nie z 1y k9 i§ Nie
m\ =l i=1 j=1 =
k=25
l:1 ni.

Note: The superscripts T and C for treatment and control group are omitted, but each of
these constants must be computed within each treatment group to obtain the &, used in
(20) and (21).




Table 4

Power of the Adjusted #-test Based on ¢4, GLS, and the Test Based on Cluster Means,
along with the Ratio of the Power of the Adjusted Test to that Based on GLS when

,UooT - ,Uooc = 1-OO-T
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Test Based on

GLS Test Test based on #4 Cluster means Power

m p N Power df Power df Power df  Ratio
ps=0.25,pc=0.15

2 2 160 0.399 158 0388 419 0.176 2 0.97

2 3 240 0.432 238 0422 509 0.188 2 0.98

2 5 400 0.462 398 0453 623 0.198 2 0.98

3 2 240 0.552 238 0.541 54.5 0363 4 0.98

3 3 360 0.592 358 0.582  66.0 0391 4 0.98

3 5 600 0.628 598 0.619  80.2 0417 4 0.99

5 2 400 0.772 398 0.764 833 0.662 8 0.99

5 3 600 0.809 598 0.803 101.0 0.702 8 0.99

5 5 1000 0.840 998 0.835 1222 0.736 8 0.99
ps— 0.25, pc— 0.25

2 2 160 0.358 158 0344 321 0.161 2 0.96

2 3 240 0.399 238 038 399 0.176 2 0.97

2 5 400 0.439 398 0427 512 0.190 2 0.97

3 2 240 0.500 238 0485 41.6 0.327 4 0.97

3 3 360 0.552 358 0.539 522 0362 4 0.98

3 5 600 0.600 598 0.589  66.7 0.396 4 0.98

5 2 400 0.717 398 0.706  63.3 0.606 8 0.98

5 3 600 0.771 598 0.762  80.0 0.660 8 0.99

5 5 1000 0.816 998 0.809 102.2 0.709 8 0.99
ps=0.15, pc=0.25

2 2 160 0.454 158 0.445  50.8 0.197 2 0.98

2 3 240 0.524 238 0.515  66.7 0222 2 0.98

2 5 400 0.594 398 0.587  93.6 0.250 2 0.99

3 2 240 0.620 238 0.611 66.0 0412 4 0.99

3 3 360 0.697 358 0.690  88.1 0472 4 0.99

3 5 600 0.769 598 0.763  123.7 0.535 4 0.99

5 2 400 0.834 398 0.828 100.2 0.730 8 0.99

5 3 600 0.893 598 0.889 1349 0.801 8 1.00

5 5 1000 0.936 998 0.934 189.7 0.861 8 1.00

Note: n = 20.





